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Unofficial Texinfo Format

This is the second edition sicp book, from Unofficial Texinfo Format.

You are probably reading it in an Info hypertext browser, such as the
Info mode of Emacs. You might alternatively be reading it TgX-formatted
on your screen or printer, though that would be silly. And, if printed,
expensive.

The freely-distributed official HTML-and-GIF format was first con-
verted personally to Unofficial Texinfo Format (UTF) version 1 by Lytha
Ayth during a long Emacs lovefest weekend in April, 2001.

The UTF is easier to search than the HTML format. It is also much
more accessible to people running on modest computers, such as do-
nated '386-based PCs. A 386 can, in theory, run Linux, Emacs, and a
Scheme interpreter simultaneously, but most 386s probably can’t also
run both Netscape and the necessary X Window System without prema-
turely introducing budding young underfunded hackers to the concept
of thrashing. UTF can also fit uncompressed on a 1.44mB floppy diskette,
which may come in handy for installing uTF on PCs that do not have
Internet or LAN access.

The Texinfo conversion has been a straight transliteration, to the
extent possible. Like the TgX-to-HTML conversion, this was not without
some introduction of breakage. In the case of Unofficial Texinfo Format,

ix



figures have suffered an amateurish resurrection of the lost art of Ascir.
Also, it’s quite possible that some errors of ambiguity were introduced
during the conversion of some of the copious superscripts (‘") and sub-
scripts (*_). Divining which has been left as an exercise to the reader.
But at least we don’t put our brave astronauts at risk by encoding the
greater-than-or-equal symbol as <u>&gt; </u>.

If you modify sicp.texi to correct errors or improve the AscII art,
then update the @set utfversion 2.andresraba5. 4 line to reflect your
delta. For example, if you started with Lytha’s version 1, and your name
is Bob, then you could name your successive versions 1.bob1, 1.bob2,
... 1.bobn. Also update utfversiondate. If you want to distribute your
version on the Web, then embedding the string “sicp.texi” somewhere
in the file or Web page will make it easier for people to find with Web
search engines.

It is believed that the Unofficial Texinfo Format is in keeping with
the spirit of the graciously freely-distributed aTML version. But you
never know when someone’s armada of lawyers might need something
to do, and get their shorts all in a knot over some benign little thing,
so think twice before you use your full name or distribute Info, pvr,
PostScript, or pDF formats that might embed your account or machine
name.

Peath, Lytha Ayth

Addendum: See also the sicp video lectures by Abelson and Sussman:
at MIT CSAIL or MIT OCW.

Second Addendum: Above is the original introduction to the UTF from
2001. Ten years later, UTF has been transformed: mathematical symbols
and formulas are properly typeset, and figures drawn in vector graph-
ics. The original text formulas and ascir art figures are still there in


http://groups.csail.mit.edu/mac/classes/6.001/abelson-sussman-lectures/
http://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-001-structure-and-interpretation-of-computer-programs-spring-2005/video-lectures/

the Texinfo source, but will display only when compiled to Info output.
At the dawn of e-book readers and tablets, reading a PDF on screen is

officially not silly anymore. Enjoy!
A.R, May, 2011
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Dedication

HIS BOOK IS DEDICATED, in respect and admiration, to the spirit that
lives in the computer.

“I think that it’s extraordinarily important that we in com-
puter science keep fun in computing. When it started out,
it was an awful lot of fun. Of course, the paying customers
got shafted every now and then, and after a while we began
to take their complaints seriously. We began to feel as if we
really were responsible for the successful, error-free perfect
use of these machines. I don’t think we are. I think we’re
responsible for stretching them, setting them off in new di-
rections, and keeping fun in the house. I hope the field of
computer science never loses its sense of fun. Above all,
hope we don’t become missionaries. Don’t feel as if you're
Bible salesmen. The world has too many of those already.
What you know about computing other people will learn.
Don’t feel as if the key to successful computing is only in
your hands. What’s in your hands, I think and hope, is in-
telligence: the ability to see the machine as more than when
you were first led up to it, that you can make it more.”

—Alan J. Perlis (April 1, 1922 - February 7, 1990)
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Foreword

DUCATORS, GENERALS, DIETICIANS, psychologists, and parents pro-

gram. Armies, students, and some societies are programmed. An
assault on large problems employs a succession of programs, most of
which spring into existence en route. These programs are rife with is-
sues that appear to be particular to the problem at hand. To appreciate
programming as an intellectual activity in its own right you must turn to
computer programming; you must read and write computer programs—
many of them. It doesn’t matter much what the programs are about or
what applications they serve. What does matter is how well they per-
form and how smoothly they fit with other programs in the creation
of still greater programs. The programmer must seek both perfection
of part and adequacy of collection. In this book the use of “program” is
focused on the creation, execution, and study of programs written in a
dialect of Lisp for execution on a digital computer. Using Lisp we re-
strict or limit not what we may program, but only the notation for our
program descriptions.

Our traffic with the subject matter of this book involves us with
three foci of phenomena: the human mind, collections of computer pro-
grams, and the computer. Every computer program is a model, hatched
in the mind, of a real or mental process. These processes, arising from
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human experience and thought, are huge in number, intricate in de-
tail, and at any time only partially understood. They are modeled to our
permanent satisfaction rarely by our computer programs. Thus even
though our programs are carefully handcrafted discrete collections of
symbols, mosaics of interlocking functions, they continually evolve: we
change them as our perception of the model deepens, enlarges, gen-
eralizes until the model ultimately attains a metastable place within
still another model with which we struggle. The source of the exhilara-
tion associated with computer programming is the continual unfolding
within the mind and on the computer of mechanisms expressed as pro-
grams and the explosion of perception they generate. If art interprets
our dreams, the computer executes them in the guise of programs!

For all its power, the computer is a harsh taskmaster. Its programs
must be correct, and what we wish to say must be said accurately in ev-
ery detail. As in every other symbolic activity, we become convinced of
program truth through argument. Lisp itself can be assigned a seman-
tics (another model, by the way), and if a program’s function can be
specified, say, in the predicate calculus, the proof methods of logic can
be used to make an acceptable correctness argument. Unfortunately, as
programs get large and complicated, as they almost always do, the ade-
quacy, consistency, and correctness of the specifications themselves be-
come open to doubt, so that complete formal arguments of correctness
seldom accompany large programs. Since large programs grow from
small ones, it is crucial that we develop an arsenal of standard program
structures of whose correctness we have become sure—we call them
idioms—and learn to combine them into larger structures using orga-
nizational techniques of proven value. These techniques are treated at
length in this book, and understanding them is essential to participation
in the Promethean enterprise called programming. More than anything
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else, the uncovering and mastery of powerful organizational techniques
accelerates our ability to create large, significant programs. Conversely,
since writing large programs is very taxing, we are stimulated to invent
new methods of reducing the mass of function and detail to be fitted
into large programs.

Unlike programs, computers must obey the laws of physics. If they
wish to perform rapidly—a few nanoseconds per state change—they
must transmit electrons only small distances (at most 1% feet). The heat
generated by the huge number of devices so concentrated in space has to
be removed. An exquisite engineering art has been developed balancing
between multiplicity of function and density of devices. In any event,
hardware always operates at a level more primitive than that at which
we care to program. The processes that transform our Lisp programs
to “machine” programs are themselves abstract models which we pro-
gram. Their study and creation give a great deal of insight into the or-
ganizational programs associated with programming arbitrary models.
Of course the computer itself can be so modeled. Think of it: the behav-
ior of the smallest physical switching element is modeled by quantum
mechanics described by differential equations whose detailed behavior
is captured by numerical approximations represented in computer pro-
grams executing on computers composed of . . .!

It is not merely a matter of tactical convenience to separately iden-
tify the three foci. Even though, as they say, it’s all in the head, this
logical separation induces an acceleration of symbolic traffic between
these foci whose richness, vitality, and potential is exceeded in human
experience only by the evolution of life itself. At best, relationships be-
tween the foci are metastable. The computers are never large enough or
fast enough. Each breakthrough in hardware technology leads to more
massive programming enterprises, new organizational principles, and
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an enrichment of abstract models. Every reader should ask himself pe-
riodically “Toward what end, toward what end?”—but do not ask it too
often lest you pass up the fun of programming for the constipation of
bittersweet philosophy.

Among the programs we write, some (but never enough) perform a
precise mathematical function such as sorting or finding the maximum
of a sequence of numbers, determining primality, or finding the square
root. We call such programs algorithms, and a great deal is known of
their optimal behavior, particularly with respect to the two important
parameters of execution time and data storage requirements. A pro-
grammer should acquire good algorithms and idioms. Even though some
programs resist precise specifications, it is the responsibility of the pro-
grammer to estimate, and always to attempt to improve, their perfor-
mance.

Lisp is a survivor, having been in use for about a quarter of a cen-
tury. Among the active programming languages only Fortran has had
a longer life. Both languages have supported the programming needs
of important areas of application, Fortran for scientific and engineering
computation and Lisp for artificial intelligence. These two areas con-
tinue to be important, and their programmers are so devoted to these
two languages that Lisp and Fortran may well continue in active use for
at least another quarter-century.

Lisp changes. The Scheme dialect used in this text has evolved from
the original Lisp and differs from the latter in several important ways,
including static scoping for variable binding and permitting functions to
yield functions as values. In its semantic structure Scheme is as closely
akin to Algol 60 as to early Lisps. Algol 60, never to be an active language
again, lives on in the genes of Scheme and Pascal. It would be difficult
to find two languages that are the communicating coin of two more dif-
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ferent cultures than those gathered around these two languages. Pas-
cal is for building pyramids—imposing, breathtaking, static structures
built by armies pushing heavy blocks into place. Lisp is for building
organisms—imposing, breathtaking, dynamic structures built by squads
fitting fluctuating myriads of simpler organisms into place. The organiz-
ing principles used are the same in both cases, except for one extraordi-
narily important difference: The discretionary exportable functionality
entrusted to the individual Lisp programmer is more than an order of
magnitude greater than that to be found within Pascal enterprises. Lisp
programs inflate libraries with functions whose utility transcends the
application that produced them. The list, Lisp’s native data structure, is
largely responsible for such growth of utility. The simple structure and
natural applicability of lists are reflected in functions that are amazingly
nonidiosyncratic. In Pascal the plethora of declarable data structures in-
duces a specialization within functions that inhibits and penalizes ca-
sual cooperation. It is better to have 100 functions operate on one data
structure than to have 10 functions operate on 10 data structures. As a
result the pyramid must stand unchanged for a millennium; the organ-
ism must evolve or perish.

To illustrate this difference, compare the treatment of material and
exercises within this book with that in any first-course text using Pascal.
Do not labor under the illusion that this is a text digestible at M1T only,
peculiar to the breed found there. It is precisely what a serious book on
programming Lisp must be, no matter who the student is or where it is
used.

Note that this is a text about programming, unlike most Lisp books,
which are used as a preparation for work in artificial intelligence. After
all, the critical programming concerns of software engineering and ar-
tificial intelligence tend to coalesce as the systems under investigation
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become larger. This explains why there is such growing interest in Lisp
outside of artificial intelligence.

As one would expect from its goals, artificial intelligence research
generates many significant programming problems. In other program-
ming cultures this spate of problems spawns new languages. Indeed, in
any very large programming task a useful organizing principle is to con-
trol and isolate traffic within the task modules via the invention of lan-
guage. These languages tend to become less primitive as one approaches
the boundaries of the system where we humans interact most often. As
a result, such systems contain complex language-processing functions
replicated many times. Lisp has such a simple syntax and semantics that
parsing can be treated as an elementary task. Thus parsing technology
plays almost no role in Lisp programs, and the construction of language
processors is rarely an impediment to the rate of growth and change of
large Lisp systems. Finally, it is this very simplicity of syntax and se-
mantics that is responsible for the burden and freedom borne by all
Lisp programmers. No Lisp program of any size beyond a few lines can
be written without being saturated with discretionary functions. Invent
and fit; have fits and reinvent! We toast the Lisp programmer who pens
his thoughts within nests of parentheses.

Alan J. Perlis
New Haven, Connecticut
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Preface to the Second Edition

Is it possible that software is not like anything else, that it
is meant to be discarded: that the whole point is to always
see it as a soap bubble?

—Alan J. Perlis

HE MATERIAL IN THIS BOOK has been the basis of MIT’s entry-level

computer science subject since 1980. We had been teaching this ma-
terial for four years when the first edition was published, and twelve
more years have elapsed until the appearance of this second edition.
We are pleased that our work has been widely adopted and incorpo-
rated into other texts. We have seen our students take the ideas and
programs in this book and build them in as the core of new computer
systems and languages. In literal realization of an ancient Talmudic pun,
our students have become our builders. We are lucky to have such ca-
pable students and such accomplished builders.

In preparing this edition, we have incorporated hundreds of clarifi-
cations suggested by our own teaching experience and the comments of
colleagues at mIT and elsewhere. We have redesigned most of the ma-
jor programming systems in the book, including the generic-arithmetic
system, the interpreters, the register-machine simulator, and the com-
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piler; and we have rewritten all the program examples to ensure that
any Scheme implementation conforming to the 1IEEE Scheme standard
(IEEE 1990) will be able to run the code.

This edition emphasizes several new themes. The most important of
these is the central role played by different approaches to dealing with
time in computational models: objects with state, concurrent program-
ming, functional programming, lazy evaluation, and nondeterministic
programming. We have included new sections on concurrency and non-
determinism, and we have tried to integrate this theme throughout the
book.

The first edition of the book closely followed the syllabus of our
MIT one-semester subject. With all the new material in the second edi-
tion, it will not be possible to cover everything in a single semester,
so the instructor will have to pick and choose. In our own teaching, we
sometimes skip the section on logic programming (Section 4.4), we have
students use the register-machine simulator but we do not cover its im-
plementation (Section 5.2), and we give only a cursory overview of the
compiler (Section 5.5). Even so, this is still an intense course. Some in-
structors may wish to cover only the first three or four chapters, leaving
the other material for subsequent courses.

The World-Wide-Web site http://mitpress.mit.edu/sicp provides sup-
port for users of this book. This includes programs from the book, sam-
ple programming assignments, supplementary materials, and download-
able implementations of the Scheme dialect of Lisp.
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Preface to the First Edition

A computer is like a violin. You can imagine a novice try-
ing first a phonograph and then a violin. The latter, he says,
sounds terrible. That is the argument we have heard from
our humanists and most of our computer scientists. Com-
puter programs are good, they say, for particular purposes,
but they aren’t flexible. Neither is a violin, or a typewriter,
until you learn how to use it.

—Marvin Minsky, “Why Programming Is a Good Medium
for Expressing Poorly-Understood and Sloppily-Formulated
Ideas”

HE STRUCTURE AND INTERPRETATION OF COMPUTER PROGRAMS

is the entry-level subject in computer science at the Massachusetts
Institute of Technology. It is required of all students at MIT who major
in electrical engineering or in computer science, as one-fourth of the
“common core curriculum,” which also includes two subjects on circuits
and linear systems and a subject on the design of digital systems. We
have been involved in the development of this subject since 1978, and
we have taught this material in its present form since the fall of 1980 to
between 600 and 700 students each year. Most of these students have
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had little or no prior formal training in computation, although many
have played with computers a bit and a few have had extensive pro-
gramming or hardware-design experience.

Our design of this introductory computer-science subject reflects
two major concerns. First, we want to establish the idea that a com-
puter language is not just a way of getting a computer to perform oper-
ations but rather that it is a novel formal medium for expressing ideas
about methodology. Thus, programs must be written for people to read,
and only incidentally for machines to execute. Second, we believe that
the essential material to be addressed by a subject at this level is not
the syntax of particular programming-language constructs, nor clever
algorithms for computing particular functions efficiently, nor even the
mathematical analysis of algorithms and the foundations of computing,
but rather the techniques used to control the intellectual complexity of
large software systems.

Our goal is that students who complete this subject should have a
good feel for the elements of style and the aesthetics of programming.
They should have command of the major techniques for controlling
complexity in a large system. They should be capable of reading a 50-
page-long program, if it is written in an exemplary style. They should
know what not to read, and what they need not understand at any mo-
ment. They should feel secure about modifying a program, retaining the
spirit and style of the original author.

These skills are by no means unique to computer programming. The
techniques we teach and draw upon are common to all of engineering
design. We control complexity by building abstractions that hide details
when appropriate. We control complexity by establishing conventional
interfaces that enable us to construct systems by combining standard,
well-understood pieces in a “mix and match” way. We control complex-
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ity by establishing new languages for describing a design, each of which
emphasizes particular aspects of the design and deemphasizes others.

Underlying our approach to this subject is our conviction that “com-
puter science” is not a science and that its significance has little to do
with computers. The computer revolution is a revolution in the way we
think and in the way we express what we think. The essence of this
change is the emergence of what might best be called procedural epis-
temology—the study of the structure of knowledge from an imperative
point of view, as opposed to the more declarative point of view taken
by classical mathematical subjects. Mathematics provides a framework
for dealing precisely with notions of “what is” Computation provides a
framework for dealing precisely with notions of “how to.”

In teaching our material we use a dialect of the programming lan-
guage Lisp. We never formally teach the language, because we don’t
have to. We just use it, and students pick it up in a few days. This is
one great advantage of Lisp-like languages: They have very few ways
of forming compound expressions, and almost no syntactic structure.
All of the formal properties can be covered in an hour, like the rules
of chess. After a short time we forget about syntactic details of the lan-
guage (because there are none) and get on with the real issues—figuring
out what we want to compute, how we will decompose problems into
manageable parts, and how we will work on the parts. Another advan-
tage of Lisp is that it supports (but does not enforce) more of the large-
scale strategies for modular decomposition of programs than any other
language we know. We can make procedural and data abstractions, we
can use higher-order functions to capture common patterns of usage,
we can model local state using assignment and data mutation, we can
link parts of a program with streams and delayed evaluation, and we can
easily implement embedded languages. All of this is embedded in an in-
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teractive environment with excellent support for incremental program
design, construction, testing, and debugging. We thank all the genera-
tions of Lisp wizards, starting with John McCarthy, who have fashioned
a fine tool of unprecedented power and elegance.

Scheme, the dialect of Lisp that we use, is an attempt to bring to-
gether the power and elegance of Lisp and Algol. From Lisp we take the
metalinguistic power that derives from the simple syntax, the uniform
representation of programs as data objects, and the garbage-collected
heap-allocated data. From Algol we take lexical scoping and block struc-
ture, which are gifts from the pioneers of programming-language de-
sign who were on the Algol committee. We wish to cite John Reynolds
and Peter Landin for their insights into the relationship of Church’s A-
calculus to the structure of programming languages. We also recognize
our debt to the mathematicians who scouted out this territory decades
before computers appeared on the scene. These pioneers include Alonzo
Church, Barkley Rosser, Stephen Kleene, and Haskell Curry.
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Building Abstractions with Procedures

The acts of the mind, wherein it exerts its power over simple
ideas, are chiefly these three: 1. Combining several simple
ideas into one compound one, and thus all complex ideas
are made. 2. The second is bringing two ideas, whether sim-
ple or complex, together, and setting them by one another
so as to take a view of them at once, without uniting them
into one, by which it gets all its ideas of relations. 3. The
third is separating them from all other ideas that accom-
pany them in their real existence: this is called abstraction,
and thus all its general ideas are made.

—John Locke, An Essay Concerning Human Understanding
(1690)

E ARE ABOUT TO STUDY the idea of a computational process. Com-
putational processes are abstract beings that inhabit computers.
As they evolve, processes manipulate other abstract things called data.



The evolution of a process is directed by a pattern of rules called a pro-
gram. People create programs to direct processes. In effect, we conjure
the spirits of the computer with our spells.

A computational process is indeed much like a sorcerer’s idea of a
spirit. It cannot be seen or touched. It is not composed of matter at all.
However, it is very real. It can perform intellectual work. It can answer
questions. It can affect the world by disbursing money at a bank or by
controlling a robot arm in a factory. The programs we use to conjure
processes are like a sorcerer’s spells. They are carefully composed from
symbolic expressions in arcane and esoteric programming languages that
prescribe the tasks we want our processes to perform.

A computational process, in a correctly working computer, executes
programs precisely and accurately. Thus, like the sorcerer’s appren-
tice, novice programmers must learn to understand and to anticipate
the consequences of their conjuring. Even small errors (usually called
bugs or glitches) in programs can have complex and unanticipated con-
sequences.

Fortunately, learning to program is considerably less dangerous than
learning sorcery, because the spirits we deal with are conveniently con-
tained in a secure way. Real-world programming, however, requires
care, expertise, and wisdom. A small bug in a computer-aided design
program, for example, can lead to the catastrophic collapse of an air-
plane or a dam or the self-destruction of an industrial robot.

Master software engineers have the ability to organize programs so
that they can be reasonably sure that the resulting processes will per-
form the tasks intended. They can visualize the behavior of their sys-
tems in advance. They know how to structure programs so that unan-
ticipated problems do not lead to catastrophic consequences, and when
problems do arise, they can debug their programs. Well-designed com-



putational systems, like well-designed automobiles or nuclear reactors,
are designed in a modular manner, so that the parts can be constructed,
replaced, and debugged separately.

Programming in Lisp

We need an appropriate language for describing processes, and we will
use for this purpose the programming language Lisp. Just as our every-
day thoughts are usually expressed in our natural language (such as En-
glish, French, or Japanese), and descriptions of quantitative phenomena
are expressed with mathematical notations, our procedural thoughts
will be expressed in Lisp. Lisp was invented in the late 1950s as a for-
malism for reasoning about the use of certain kinds of logical expres-
sions, called recursion equations, as a model for computation. The lan-
guage was conceived by John McCarthy and is based on his paper “Re-
cursive Functions of Symbolic Expressions and Their Computation by
Machine” (McCarthy 1960).

Despite its inception as a mathematical formalism, Lisp is a practi-
cal programming language. A Lisp interpreter is a machine that carries
out processes described in the Lisp language. The first Lisp interpreter
was implemented by McCarthy with the help of colleagues and stu-
dents in the Artificial Intelligence Group of the m1T Research Laboratory
of Electronics and in the mrt Computation Center.! Lisp, whose name
is an acronym for LISt Processing, was designed to provide symbol-
manipulating capabilities for attacking programming problems such as
the symbolic differentiation and integration of algebraic expressions.
It included for this purpose new data objects known as atoms and lists,

"The Lisp 1 Programmer’s Manual appeared in 1960, and the Lisp 1.5 Programmer’s
Manual (McCarthy et al. 1965) was published in 1962. The early history of Lisp is de-
scribed in McCarthy 1978.



which most strikingly set it apart from all other languages of the period.

Lisp was not the product of a concerted design effort. Instead, it
evolved informally in an experimental manner in response to users’
needs and to pragmatic implementation considerations. Lisp’s informal
evolution has continued through the years, and the community of Lisp
users has traditionally resisted attempts to promulgate any “official”
definition of the language. This evolution, together with the flexibility
and elegance of the initial conception, has enabled Lisp, which is the sec-
ond oldest language in widespread use today (only Fortran is older), to
continually adapt to encompass the most modern ideas about program
design. Thus, Lisp is by now a family of dialects, which, while sharing
most of the original features, may differ from one another in significant
ways. The dialect of Lisp used in this book is called Scheme.”

Because of its experimental character and its emphasis on symbol
manipulation, Lisp was at first very inefficient for numerical compu-
tations, at least in comparison with Fortran. Over the years, however,

%The two dialects in which most major Lisp programs of the 1970s were written are
MacLisp (Moon 1978; Pitman 1983), developed at the mIT Project MAc, and Interlisp
(Teitelman 1974), developed at Bolt Beranek and Newman Inc. and the Xerox Palo Alto
Research Center. Portable Standard Lisp (Hearn 1969; Griss 1981) was a Lisp dialect
designed to be easily portable between different machines. MacLisp spawned a number
of subdialects, such as Franz Lisp, which was developed at the University of California
at Berkeley, and Zetalisp (Moon and Weinreb 1981), which was based on a special-
purpose processor designed at the mIT Artificial Intelligence Laboratory to run Lisp
very efficiently. The Lisp dialect used in this book, called Scheme (Steele and Sussman
1975), was invented in 1975 by Guy Lewis Steele Jr. and Gerald Jay Sussman of the m1T
Artificial Intelligence Laboratory and later reimplemented for instructional use at MIT.
Scheme became an 1EEE standard in 1990 (IEEE 1990). The Common Lisp dialect (Steele
1982, Steele 1990) was developed by the Lisp community to combine features from the
earlier Lisp dialects to make an industrial standard for Lisp. Common Lisp became an
ANsI standard in 1994 (ANSI 1994).



Lisp compilers have been developed that translate programs into ma-
chine code that can perform numerical computations reasonably effi-
ciently. And for special applications, Lisp has been used with great ef-
fectiveness.®> Although Lisp has not yet overcome its old reputation as
hopelessly inefficient, Lisp is now used in many applications where ef-
ficiency is not the central concern. For example, Lisp has become a lan-
guage of choice for operating-system shell languages and for extension
languages for editors and computer-aided design systems.

If Lisp is not a mainstream language, why are we using it as the
framework for our discussion of programming? Because the language
possesses unique features that make it an excellent medium for studying
important programming constructs and data structures and for relating
them to the linguistic features that support them. The most significant of
these features is the fact that Lisp descriptions of processes, called proce-
dures, can themselves be represented and manipulated as Lisp data. The
importance of this is that there are powerful program-design techniques
that rely on the ability to blur the traditional distinction between “pas-
sive” data and “active” processes. As we shall discover, Lisp’s flexibility
in handling procedures as data makes it one of the most convenient
languages in existence for exploring these techniques. The ability to
represent procedures as data also makes Lisp an excellent language for
writing programs that must manipulate other programs as data, such as
the interpreters and compilers that support computer languages. Above
and beyond these considerations, programming in Lisp is great fun.

30ne such special application was a breakthrough computation of scientific
importance—an integration of the motion of the Solar System that extended previous
results by nearly two orders of magnitude, and demonstrated that the dynamics of the
Solar System is chaotic. This computation was made possible by new integration al-
gorithms, a special-purpose compiler, and a special-purpose computer all implemented
with the aid of software tools written in Lisp (Abelson et al. 1992; Sussman and Wisdom
1992).



1.1 The Elements of Programming

A powerful programming language is more than just a means for in-
structing a computer to perform tasks. The language also serves as a
framework within which we organize our ideas about processes. Thus,
when we describe a language, we should pay particular attention to the
means that the language provides for combining simple ideas to form
more complex ideas. Every powerful language has three mechanisms
for accomplishing this:

+ primitive expressions, which represent the simplest entities the
language is concerned with,

+ means of combination, by which compound elements are built
from simpler ones, and

 means of abstraction, by which compound elements can be named
and manipulated as units.

In programming, we deal with two kinds of elements: procedures and
data. (Later we will discover that they are really not so distinct.) Infor-
mally, data is “stuff” that we want to manipulate, and procedures are
descriptions of the rules for manipulating the data. Thus, any powerful
programming language should be able to describe primitive data and
primitive procedures and should have methods for combining and ab-
stracting procedures and data.

In this chapter we will deal only with simple numerical data so that
we can focus on the rules for building procedures.* In later chapters we

“The characterization of numbers as “simple data” is a barefaced bluff. In fact, the
treatment of numbers is one of the trickiest and most confusing aspects of any pro-



will see that these same rules allow us to build procedures to manipulate
compound data as well.

1.1.1 Expressions

One easy way to get started at programming is to examine some typical
interactions with an interpreter for the Scheme dialect of Lisp. Imagine
that you are sitting at a computer terminal. You type an expression, and
the interpreter responds by displaying the result of its evaluating that
expression.

One kind of primitive expression you might type is a number. (More
precisely, the expression that you type consists of the numerals that
represent the number in base 10.) If you present Lisp with a number

486
the interpreter will respond by printing’

486

gramming language. Some typical issues involved are these: Some computer systems
distinguish integers, such as 2, from real numbers, such as 2.71. Is the real number 2.00
different from the integer 2? Are the arithmetic operations used for integers the same
as the operations used for real numbers? Does 6 divided by 2 produce 3, or 3.0? How
large a number can we represent? How many decimal places of accuracy can we repre-
sent? Is the range of integers the same as the range of real numbers? Above and beyond
these questions, of course, lies a collection of issues concerning roundoff and trunca-
tion errors—the entire science of numerical analysis. Since our focus in this book is on
large-scale program design rather than on numerical techniques, we are going to ignore
these problems. The numerical examples in this chapter will exhibit the usual roundoff
behavior that one observes when using arithmetic operations that preserve a limited
number of decimal places of accuracy in noninteger operations.

>Throughout this book, when we wish to emphasize the distinction between the
input typed by the user and the response printed by the interpreter, we will show the
latter in slanted characters.



Expressions representing numbers may be combined with an expres-
sion representing a primitive procedure (such as + or ) to form a com-
pound expression that represents the application of the procedure to
those numbers. For example:

(+ 137 349)
486

(- 1000 334)
666

(x 5 99)
495

(/ 10 5)
2

(+ 2.7 10)
12.7

Expressions such as these, formed by delimiting a list of expressions
within parentheses in order to denote procedure application, are called
combinations. The leftmost element in the list is called the operator, and
the other elements are called operands. The value of a combination is
obtained by applying the procedure specified by the operator to the ar-
guments that are the values of the operands.

The convention of placing the operator to the left of the operands
is known as prefix notation, and it may be somewhat confusing at first
because it departs significantly from the customary mathematical con-
vention. Prefix notation has several advantages, however. One of them
is that it can accommodate procedures that may take an arbitrary num-
ber of arguments, as in the following examples:



(+ 21 35 12 7)
75

(* 25 4 12)
1200

No ambiguity can arise, because the operator is always the leftmost el-
ement and the entire combination is delimited by the parentheses.

A second advantage of prefix notation is that it extends in a straight-
forward way to allow combinations to be nested, that is, to have combi-
nations whose elements are themselves combinations:

(+ (* 35) (-106))
19

There is no limit (in principle) to the depth of such nesting and to the
overall complexity of the expressions that the Lisp interpreter can eval-
uate. It is we humans who get confused by still relatively simple expres-
sions such as

(+ (x 3 (+ (x24) (+35)) (+(-107) 6))

which the interpreter would readily evaluate to be 57. We can help our-
selves by writing such an expression in the form
(+ (*3

(+ (*24)

(+ 35
(+ (=10 7)

6))

following a formatting convention known as pretty-printing, in which

each long combination is written so that the operands are aligned ver-
tically. The resulting indentations display clearly the structure of the



expression.’

Even with complex expressions, the interpreter always operates in
the same basic cycle: It reads an expression from the terminal, evaluates
the expression, and prints the result. This mode of operation is often
expressed by saying that the interpreter runs in a read-eval-print loop.
Observe in particular that it is not necessary to explicitly instruct the

interpreter to print the value of the expression.’

1.1.2 Naming and the Environment

A critical aspect of a programming language is the means it provides
for using names to refer to computational objects. We say that the name
identifies a variable whose value is the object.

In the Scheme dialect of Lisp, we name things with define. Typing

(define size 2)

causes the interpreter to associate the value 2 with the name size.?

Once the name size has been associated with the number 2, we can
refer to the value 2 by name:

size

2

6Lisp systems typically provide features to aid the user in formatting expressions.
Two especially useful features are one that automatically indents to the proper pretty-
print position whenever a new line is started and one that highlights the matching left
parenthesis whenever a right parenthesis is typed.

7Lisp obeys the convention that every expression has a value. This convention, to-
gether with the old reputation of Lisp as an inefficient language, is the source of the
quip by Alan Perlis (paraphrasing Oscar Wilde) that “Lisp programmers know the value
of everything but the cost of nothing”

81n this book, we do not show the interpreter’s response to evaluating definitions,
since this is highly implementation-dependent.

10



(* 5 size)
10

Here are further examples of the use of define:

(define pi 3.14159)

(define radius 10)

(* pi (* radius radius))

314.159

(define circumference (* 2 pi radius))
circumference

62.8318

define is our language’s simplest means of abstraction, for it allows
us to use simple names to refer to the results of compound operations,
such as the circumference computed above. In general, computational
objects may have very complex structures, and it would be extremely
inconvenient to have to remember and repeat their details each time we
want to use them. Indeed, complex programs are constructed by build-
ing, step by step, computational objects of increasing complexity. The
interpreter makes this step-by-step program construction particularly
convenient because name-object associations can be created incremen-
tally in successive interactions. This feature encourages the incremental
development and testing of programs and is largely responsible for the
fact that a Lisp program usually consists of a large number of relatively
simple procedures.

It should be clear that the possibility of associating values with sym-
bols and later retrieving them means that the interpreter must maintain
some sort of memory that keeps track of the name-object pairs. This
memory is called the environment (more precisely the global environ-
ment, since we will see later that a computation may involve a number

11



of different environments).’

1.1.3 Evaluating Combinations

One of our goals in this chapter is to isolate issues about thinking pro-
cedurally. As a case in point, let us consider that, in evaluating combi-
nations, the interpreter is itself following a procedure.

To evaluate a combination, do the following:

1. Evaluate the subexpressions of the combination.

2. Apply the procedure that is the value of the leftmost subexpres-
sion (the operator) to the arguments that are the values of the
other subexpressions (the operands).

Even this simple rule illustrates some important points about processes
in general. First, observe that the first step dictates that in order to ac-
complish the evaluation process for a combination we must first per-
form the evaluation process on each element of the combination. Thus,
the evaluation rule is recursive in nature; that is, it includes, as one of
its steps, the need to invoke the rule itself.'’

Notice how succinctly the idea of recursion can be used to express
what, in the case of a deeply nested combination, would otherwise be
viewed as a rather complicated process. For example, evaluating

9Chapter 3 will show that this notion of environment is crucial, both for under-
standing how the interpreter works and for implementing interpreters.

101 may seem strange that the evaluation rule says, as part of the first step, that
we should evaluate the leftmost element of a combination, since at this point that can
only be an operator such as + or * representing a built-in primitive procedure such as
addition or multiplication. We will see later that it is useful to be able to work with
combinations whose operators are themselves compound expressions.

12
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Figure 1.1: Tree representation, showing the value of each
subcombination.

(* (+2 (x4 6)
(+357))

requires that the evaluation rule be applied to four different combina-
tions. We can obtain a picture of this process by representing the combi-
nation in the form of a tree, as shown in Figure 1.1. Each combination is
represented by a node with branches corresponding to the operator and
the operands of the combination stemming from it. The terminal nodes
(that is, nodes with no branches stemming from them) represent either
operators or numbers. Viewing evaluation in terms of the tree, we can
imagine that the values of the operands percolate upward, starting from
the terminal nodes and then combining at higher and higher levels. In
general, we shall see that recursion is a very powerful technique for
dealing with hierarchical, treelike objects. In fact, the “percolate values
upward” form of the evaluation rule is an example of a general kind of
process known as tree accumulation.

Next, observe that the repeated application of the first step brings us
to the point where we need to evaluate, not combinations, but primitive
expressions such as numerals, built-in operators, or other names. We

13



take care of the primitive cases by stipulating that

« the values of numerals are the numbers that they name,

« the values of built-in operators are the machine instruction se-
quences that carry out the corresponding operations, and

« the values of other names are the objects associated with those
names in the environment.

We may regard the second rule as a special case of the third one by stip-
ulating that symbols such as + and * are also included in the global envi-
ronment, and are associated with the sequences of machine instructions
that are their “values.” The key point to notice is the role of the environ-
ment in determining the meaning of the symbols in expressions. In an
interactive language such as Lisp, it is meaningless to speak of the value
of an expression such as (+ x 1) without specifying any information
about the environment that would provide a meaning for the symbol
x (or even for the symbol +). As we shall see in Chapter 3, the general
notion of the environment as providing a context in which evaluation
takes place will play an important role in our understanding of program
execution.

Notice that the evaluation rule given above does not handle defini-
tions. For instance, evaluating (define x 3) does not apply define to
two arguments, one of which is the value of the symbol x and the other
of which is 3, since the purpose of the define is precisely to associate x
with a value. (That is, (define x 3) is not a combination.)

Such exceptions to the general evaluation rule are called special forms.
define is the only example of a special form that we have seen so far,
but we will meet others shortly. Each special form has its own evalu-
ation rule. The various kinds of expressions (each with its associated

14



evaluation rule) constitute the syntax of the programming language. In
comparison with most other programming languages, Lisp has a very
simple syntax; that is, the evaluation rule for expressions can be de-
scribed by a simple general rule together with specialized rules for a

small number of special forms.!!

1.1.4 Compound Procedures

We have identified in Lisp some of the elements that must appear in any
powerful programming language:

« Numbers and arithmetic operations are primitive data and proce-
dures.

+ Nesting of combinations provides a means of combining opera-
tions.

« Definitions that associate names with values provide a limited
means of abstraction.

Now we will learn about procedure definitions, a much more powerful
abstraction technique by which a compound operation can be given a
name and then referred to as a unit.

11Special syntactic forms that are simply convenient alternative surface structures
for things that can be written in more uniform ways are sometimes called syntactic
sugar, to use a phrase coined by Peter Landin. In comparison with users of other lan-
guages, Lisp programmers, as a rule, are less concerned with matters of syntax. (By
contrast, examine any Pascal manual and notice how much of it is devoted to descrip-
tions of syntax.) This disdain for syntax is due partly to the flexibility of Lisp, which
makes it easy to change surface syntax, and partly to the observation that many “con-
venient” syntactic constructs, which make the language less uniform, end up causing
more trouble than they are worth when programs become large and complex. In the
words of Alan Perlis, “Syntactic sugar causes cancer of the semicolon”
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We begin by examining how to express the idea of “squaring” We
might say, “To square something, multiply it by itself” This is expressed
in our language as

(define (square x) (* x X))

We can understand this in the following way:

(define (square X) (* X X))

| | I I | |
To square something, multiply it by itself.

We have here a compound procedure, which has been given the name
square. The procedure represents the operation of multiplying some-
thing by itself. The thing to be multiplied is given a local name, x, which
plays the same role that a pronoun plays in natural language. Evaluating
the definition creates this compound procedure and associates it with
the name square.'?

The general form of a procedure definition is

(define ({name) {(formal parameters))
(body))

The (name) is a symbol to be associated with the procedure definition in
the environment.'® The (formal parameters) are the names used within
the body of the procedure to refer to the corresponding arguments of
the procedure. The (body) is an expression that will yield the value of

20bserve that there are two different operations being combined here: we are creat-
ing the procedure, and we are giving it the name square. It is possible, indeed important,
to be able to separate these two notions—to create procedures without naming them,
and to give names to procedures that have already been created. We will see how to do
this in Section 1.3.2.

B Throughout this book, we will describe the general syntax of expressions by using
italic symbols delimited by angle brackets—e.g., (name)—to denote the “slots” in the
expression to be filled in when such an expression is actually used.
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the procedure application when the formal parameters are replaced by
the actual arguments to which the procedure is applied.'* The (name)
and the (formal parameters) are grouped within parentheses, just as they
would be in an actual call to the procedure being defined.
Having defined square, we can now use it:
(square 21)
441
(square (+ 2 5))
49
(square (square 3))
81

We can also use square as a building block in defining other procedures.
For example, x* + y* can be expressed as

(+ (square x) (square y))

We can easily define a procedure sum-of-squares that, given any two
numbers as arguments, produces the sum of their squares:

(define (sum-of-squares x y)

(+ (square x) (square y)))
(sum-of-squares 3 4)
25

Now we can use sum-of-squares as a building block in constructing
further procedures:
(define (f a)
(sum-of-squares (+ a 1) (* a 2)))
(f 5)
136

4More generally, the body of the procedure can be a sequence of expressions. In this
case, the interpreter evaluates each expression in the sequence in turn and returns the
value of the final expression as the value of the procedure application.
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Compound procedures are used in exactly the same way as primitive
procedures. Indeed, one could not tell by looking at the definition of
sum-of-squares given above whether square was built into the inter-
preter, like + and *, or defined as a compound procedure.

1.1.5 The Substitution Model for Procedure Application

To evaluate a combination whose operator names a compound proce-
dure, the interpreter follows much the same process as for combina-
tions whose operators name primitive procedures, which we described
in Section 1.1.3. That is, the interpreter evaluates the elements of the
combination and applies the procedure (which is the value of the oper-
ator of the combination) to the arguments (which are the values of the
operands of the combination).

We can assume that the mechanism for applying primitive proce-
dures to arguments is built into the interpreter. For compound proce-
dures, the application process is as follows:

To apply a compound procedure to arguments, evaluate the
body of the procedure with each formal parameter replaced
by the corresponding argument.

To illustrate this process, let’s evaluate the combination

(f 5)

where f is the procedure defined in Section 1.1.4. We begin by retrieving
the body of f:

(sum-of-squares (+ a 1) (*x a 2))
Then we replace the formal parameter a by the argument 5:

(sum-of-squares (+ 5 1) (x 5 2))
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Thus the problem reduces to the evaluation of a combination with two
operands and an operator sum-of-squares. Evaluating this combina-
tion involves three subproblems. We must evaluate the operator to get
the procedure to be applied, and we must evaluate the operands to get
the arguments. Now (+ 5 1) produces 6 and (* 5 2) produces 10, so
we must apply the sum-of-squares procedure to 6 and 10. These values
are substituted for the formal parameters x and y in the body of sum-
of-squares, reducing the expression to

(+ (square 6) (square 10))

If we use the definition of square, this reduces to
(+ (x 6 6) (x 10 10))

which reduces by multiplication to

(+ 36 100)

and finally to
136

The process we have just described is called the substitution model for
procedure application. It can be taken as a model that determines the
“meaning” of procedure application, insofar as the procedures in this
chapter are concerned. However, there are two points that should be
stressed:

« The purpose of the substitution is to help us think about proce-
dure application, not to provide a description of how the inter-
preter really works. Typical interpreters do not evaluate proce-
dure applications by manipulating the text of a procedure to sub-
stitute values for the formal parameters. In practice, the “substi-
tution” is accomplished by using a local environment for the for-
mal parameters. We will discuss this more fully in Chapter 3 and
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Chapter 4 when we examine the implementation of an interpreter
in detail.

« Over the course of this book, we will present a sequence of in-
creasingly elaborate models of how interpreters work, culminat-
ing with a complete implementation of an interpreter and com-
piler in Chapter 5. The substitution model is only the first of these
models—a way to get started thinking formally about the evalu-
ation process. In general, when modeling phenomena in science
and engineering, we begin with simplified, incomplete models.
As we examine things in greater detail, these simple models be-
come inadequate and must be replaced by more refined models.
The substitution model is no exception. In particular, when we
address in Chapter 3 the use of procedures with “mutable data,”
we will see that the substitution model breaks down and must be

replaced by a more complicated model of procedure application.'

Applicative order versus normal order

According to the description of evaluation given in Section 1.1.3, the
interpreter first evaluates the operator and operands and then applies
the resulting procedure to the resulting arguments. This is not the only
way to perform evaluation. An alternative evaluation model would not
evaluate the operands until their values were needed. Instead it would

I5Despite the simplicity of the substitution idea, it turns out to be surprisingly com-
plicated to give a rigorous mathematical definition of the substitution process. The
problem arises from the possibility of confusion between the names used for the formal
parameters of a procedure and the (possibly identical) names used in the expressions to
which the procedure may be applied. Indeed, there is a long history of erroneous def-
initions of substitution in the literature of logic and programming semantics. See Stoy
1977 for a careful discussion of substitution.
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first substitute operand expressions for parameters until it obtained an
expression involving only primitive operators, and would then perform
the evaluation. If we used this method, the evaluation of (f 5) would
proceed according to the sequence of expansions

(sum-of-squares (+ 5 1) (x 5 2))

(+ (square (+ 5 1)) (square (* 5 2)) )

(+ G E51) +51)) (x(52) (*52))

followed by the reductions

(+ (* 6 6) (* 10 10))
(+ 36 100)
136

This gives the same answer as our previous evaluation model, but the
process is different. In particular, the evaluations of (+ 5 1) and (x 5
2) are each performed twice here, corresponding to the reduction of the
expression (* x x) with x replaced respectively by (+ 5 1) and (* 5
2).

This alternative “fully expand and then reduce” evaluation method
is known as normal-order evaluation, in contrast to the “evaluate the
arguments and then apply” method that the interpreter actually uses,
which is called applicative-order evaluation. It can be shown that, for
procedure applications that can be modeled using substitution (includ-
ing all the procedures in the first two chapters of this book) and that
yield legitimate values, normal-order and applicative-order evaluation
produce the same value. (See Exercise 1.5 for an instance of an “illegit-
imate” value where normal-order and applicative-order evaluation do
not give the same result.)

Lisp uses applicative-order evaluation, partly because of the addi-
tional efficiency obtained from avoiding multiple evaluations of expres-
sions such as those illustrated with (+ 5 1) and (* 5 2) above and, more
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significantly, because normal-order evaluation becomes much more com-
plicated to deal with when we leave the realm of procedures that can be
modeled by substitution. On the other hand, normal-order evaluation
can be an extremely valuable tool, and we will investigate some of its
implications in Chapter 3 and Chapter 4.1

1.1.6 Conditional Expressions and Predicates

The expressive power of the class of procedures that we can define at
this point is very limited, because we have no way to make tests and
to perform different operations depending on the result of a test. For
instance, we cannot define a procedure that computes the absolute value
of a number by testing whether the number is positive, negative, or zero
and taking different actions in the different cases according to the rule

x if x>0,
|x| = 0 if x=0,
-x if x<0O.

This construct is called a case analysis, and there is a special form in
Lisp for notating such a case analysis. It is called cond (which stands for
“conditional”), and it is used as follows:
(define (abs x)
(cond ((> x @) x)
((= x 0) 0)
((<x0) (-x)))

The general form of a conditional expression is

16In Chapter 3 we will introduce stream processing, which is a way of handling appar-
ently “infinite” data structures by incorporating a limited form of normal-order evalu-
ation. In Section 4.2 we will modify the Scheme interpreter to produce a normal-order
variant of Scheme.
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(cond ({p1) {e1))
«p2) (e2))

(pn) (en)))

consisting of the symbol cond followed by parenthesized pairs of ex-
pressions

«p) (e

called clauses. The first expression in each pair is a predicate—that is, an
expression whose value is interpreted as either true or false.’

Conditional expressions are evaluated as follows. The predicate (p; )
is evaluated first. If its value is false, then (p,) is evaluated. If (p,)’s
value is also false, then (ps) is evaluated. This process continues until
a predicate is found whose value is true, in which case the interpreter
returns the value of the corresponding consequent expression (e) of the
clause as the value of the conditional expression. If none of the (p)’s is
found to be true, the value of the cond is undefined.

The word predicate is used for procedures that return true or false,
as well as for expressions that evaluate to true or false. The absolute-
value procedure abs makes use of the primitive predicates >, <, and =.1
These take two numbers as arguments and test whether the first number
is, respectively, greater than, less than, or equal to the second number,
returning true or false accordingly.

Another way to write the absolute-value procedure is

7“Interpreted as either true or false” means this: In Scheme, there are two distin-
guished values that are denoted by the constants #t and #f. When the interpreter checks
a predicate’s value, it interprets #f as false. Any other value is treated as true. (Thus,
providing #t is logically unnecessary, but it is convenient.) In this book we will use
names true and false, which are associated with the values #t and #f respectively.

18abs also uses the “minus” operator -, which, when used with a single operand, as
in (- x), indicates negation.
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(define (abs x)
(cond ((< x @) (- x))
(else x)))

which could be expressed in English as “If x is less than zero return —x;
otherwise return x.” else is a special symbol that can be used in place of
the (p) in the final clause of a cond. This causes the cond to return as its
value the value of the corresponding (e) whenever all previous clauses
have been bypassed. In fact, any expression that always evaluates to a
true value could be used as the (p) here.

Here is yet another way to write the absolute-value procedure:

(define (abs x)
(if (< x 0)
(= x)
x))
This uses the special form if, a restricted type of conditional that can
be used when there are precisely two cases in the case analysis. The
general form of an if expression is

(if (predicate) {(consequent) {alternative))

To evaluate an if expression, the interpreter starts by evaluating the
(predicate) part of the expression. If the (predicate) evaluates to a true
value, the interpreter then evaluates the (consequent) and returns its
value. Otherwise it evaluates the (alternative) and returns its value.'’
In addition to primitive predicates such as <, =, and >, there are log-
ical composition operations, which enable us to construct compound

19 A minor difference between i f and cond is that the (e) part of each cond clause may
be a sequence of expressions. If the corresponding (p) is found to be true, the expres-
sions (e) are evaluated in sequence and the value of the final expression in the sequence
is returned as the value of the cond. In an if expression, however, the (consequent) and
(alternative) must be single expressions.
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predicates. The three most frequently used are these:

« (and (e1) ... {en))

The interpreter evaluates the expressions (e) one at a time, in left-
to-right order. If any (e) evaluates to false, the value of the and
expression is false, and the rest of the (e)’s are not evaluated. If
all (e)’s evaluate to true values, the value of the and expression is
the value of the last one.

o (or {e1) ... {en))

The interpreter evaluates the expressions (e) one at a time, in left-
to-right order. If any (e) evaluates to a true value, that value is
returned as the value of the or expression, and the rest of the
(e)’s are not evaluated. If all {e)’s evaluate to false, the value of
the or expression is false.

+ (not (e))

The value of a not expression is true when the expression (e)
evaluates to false, and false otherwise.

Notice that and and or are special forms, not procedures, because the
subexpressions are not necessarily all evaluated. not is an ordinary pro-
cedure.

As an example of how these are used, the condition that a number
x be in the range 5 < x < 10 may be expressed as

(and (> x 5) (< x 10))

As another example, we can define a predicate to test whether one num-
ber is greater than or equal to another as

(define (>= x y) (or (> x y) (= x ¥)))
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or alternatively as

(define (>= x y) (not (< x y)))

Exercise 1.1: Below is a sequence of expressions. What is
the result printed by the interpreter in response to each ex-
pression? Assume that the sequence is to be evaluated in
the order in which it is presented.

10

(+ 53 4)

=91

(/6 2)

(+ (x 24) (- 46))
(define a 3)
(define b (+ a 1))
(+ab (xab))

(=ab)

(if (and (> b a) (< b (* a b)))
b
a)

(cond ((= a 4) 6)
((=b4) (+67a)
(else 25))

(+ 2 (if (> b a) b a))

(x (cond ((> a b) a)

((<ab) b)
(else -1))
(+a1))
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Exercise 1.2: Translate the following expression into prefix

form:
5+4+(2—(3—(6+%)))

3(6 — 2)(2 — 7)

Exercise 1.3: Define a procedure that takes three numbers
as arguments and returns the sum of the squares of the two
larger numbers.

Exercise 1.4: Observe that our model of evaluation allows
for combinations whose operators are compound expres-
sions. Use this observation to describe the behavior of the
following procedure:

(define (a-plus-abs-b a b)
((if (> b @) + -) ab))

Exercise 1.5: Ben Bitdiddle has invented a test to determine
whether the interpreter he is faced with is using applicative-
order evaluation or normal-order evaluation. He defines the
following two procedures:
(define (p) (p))
(define (test x y)

(if (=x0) 0y))

Then he evaluates the expression

(test 0 (p))

What behavior will Ben observe with an interpreter that
uses applicative-order evaluation? What behavior will he
observe with an interpreter that uses normal-order evalu-
ation? Explain your answer. (Assume that the evaluation
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rule for the special form if is the same whether the in-
terpreter is using normal or applicative order: The predi-
cate expression is evaluated first, and the result determines
whether to evaluate the consequent or the alternative ex-
pression.)

1.1.7 Example: Square Roots by Newton’s Method

Procedures, as introduced above, are much like ordinary mathematical
functions. They specify a value that is determined by one or more pa-
rameters. But there is an important difference between mathematical
functions and computer procedures. Procedures must be effective.

As a case in point, consider the problem of computing square roots.
We can define the square-root function as

Vx = the y such that y >0 and 3* = x.

This describes a perfectly legitimate mathematical function. We could
use it to recognize whether one number is the square root of another,
or to derive facts about square roots in general. On the other hand, the
definition does not describe a procedure. Indeed, it tells us almost noth-
ing about how to actually find the square root of a given number. It will
not help matters to rephrase this definition in pseudo-Lisp:

(define (sqrt x)

(the y (and (>=y 0)
(= (square y) x))))

This only begs the question.

The contrast between function and procedure is a reflection of the
general distinction between describing properties of things and describ-
ing how to do things, or, as it is sometimes referred to, the distinction
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between declarative knowledge and imperative knowledge. In mathe-
matics we are usually concerned with declarative (what is) descriptions,
whereas in computer science we are usually concerned with imperative
(how to) descriptions.?’

How does one compute square roots? The most common way is to
use Newton’s method of successive approximations, which says that
whenever we have a guess y for the value of the square root of a number
x, we can perform a simple manipulation to get a better guess (one closer
to the actual square root) by averaging y with x/y.?! For example, we

can compute the square root of 2 as follows. Suppose our initial guess

is 1:

Guess Quotient Average

1 (2/1) =2 (2 +1)/2) =1.5

1.5 (2/1.5) = 1.3333 ((1.3333 + 1.5)/2) = 1.4167
1.4167 (2/1.4167) = 1.4118 ((1.4167 + 1.4118)/2) = 1.4142
1.4142

20Declarative and imperative descriptions are intimately related, as indeed are math-
ematics and computer science. For instance, to say that the answer produced by a pro-
gram is “correct” is to make a declarative statement about the program. There is a large
amount of research aimed at establishing techniques for proving that programs are
correct, and much of the technical difficulty of this subject has to do with negotiating
the transition between imperative statements (from which programs are constructed)
and declarative statements (which can be used to deduce things). In a related vein, an
important current area in programming-language design is the exploration of so-called
very high-level languages, in which one actually programs in terms of declarative state-
ments. The idea is to make interpreters sophisticated enough so that, given “what is”
knowledge specified by the programmer, they can generate “how to” knowledge auto-
matically. This cannot be done in general, but there are important areas where progress
has been made. We shall revisit this idea in Chapter 4.

21This square-root algorithm is actually a special case of Newton’s method, which is
a general technique for finding roots of equations. The square-root algorithm itself was
developed by Heron of Alexandria in the first century A.np. We will see how to express
the general Newton’s method as a Lisp procedure in Section 1.3.4.
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Continuing this process, we obtain better and better approximations to
the square root.

Now let’s formalize the process in terms of procedures. We start
with a value for the radicand (the number whose square root we are
trying to compute) and a value for the guess. If the guess is good enough
for our purposes, we are done; if not, we must repeat the process with
an improved guess. We write this basic strategy as a procedure:
(define (sqrt-iter guess x)

(if (good-enough? guess x)
guess
(sgrt-iter (improve guess x) Xx)))

A guess is improved by averaging it with the quotient of the radicand
and the old guess:

(define (improve guess x)
(average guess (/ x guess)))

where

(define (average x y)

(/7 (+xy) 2))

We also have to say what we mean by “good enough.” The following
will do for illustration, but it is not really a very good test. (See Exercise
1.7.) The idea is to improve the answer until it is close enough so that its
square differs from the radicand by less than a predetermined tolerance
(here 0.001):%

(define (good-enough? guess x)
(< (abs (- (square guess) x)) 0.001))

22\We will usually give predicates names ending with question marks, to help us re-
member that they are predicates. This is just a stylistic convention. As far as the inter-
preter is concerned, the question mark is just an ordinary character.
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Finally, we need a way to get started. For instance, we can always guess

that the square root of any number is 1:**

(define (sgrt x)
(sqrt-iter 1.0 x))

If we type these definitions to the interpreter, we can use sqrt just as
we can use any procedure:

(sgrt 9)
3.00009155413138

(sgrt (+ 100 37))
11.704699917758145

(sgrt (+ (sgrt 2) (sqrt 3)))
1.7739279023207892

(square (sqrt 1000))
1000.000369924366

The sqrt program also illustrates that the simple procedural language
we have introduced so far is sufficient for writing any purely numeri-
cal program that one could write in, say, C or Pascal. This might seem
surprising, since we have not included in our language any iterative

23 Observe that we express our initial guess as 1.0 rather than 1. This would not make
any difference in many Lisp implementations. MIT Scheme, however, distinguishes be-
tween exact integers and decimal values, and dividing two integers produces a rational
number rather than a decimal. For example, dividing 10 by 6 yields 5/3, while dividing
10.0 by 6.0 yields 1.6666666666666667. (We will learn how to implement arithmetic on
rational numbers in Section 2.1.1.) If we start with an initial guess of 1 in our square-root
program, and x is an exact integer, all subsequent values produced in the square-root
computation will be rational numbers rather than decimals. Mixed operations on ratio-
nal numbers and decimals always yield decimals, so starting with an initial guess of 1.0
forces all subsequent values to be decimals.
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(looping) constructs that direct the computer to do something over and
over again. sqrt-iter, on the other hand, demonstrates how iteration
can be accomplished using no special construct other than the ordinary
ability to call a procedure.**

Exercise 1.6: Alyssa P. Hacker doesn’t see why if needs to
be provided as a special form. “Why can’t I just define it as
an ordinary procedure in terms of cond?” she asks. Alyssa’s
friend Eva Lu Ator claims this can indeed be done, and she
defines a new version of if:

(define (new-if predicate then-clause else-clause)
(cond (predicate then-clause)
(else else-clause)))

Eva demonstrates the program for Alyssa:
(new-if (= 2 3) 0 5)

5

(new-if (= 1 1) 0 5)

0

Delighted, Alyssa uses new-if to rewrite the square-root
program:

(define (sqrt-iter guess x)
(new-if (good-enough? guess x)
guess
(sgrt-iter (improve guess x) Xx)))

What happens when Alyssa attempts to use this to compute
square roots? Explain.

24Readers who are worried about the efficiency issues involved in using procedure
calls to implement iteration should note the remarks on “tail recursion” in Section 1.2.1.
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Exercise 1.7: The good-enough? test used in computing
square roots will not be very effective for finding the square
roots of very small numbers. Also, in real computers, arith-
metic operations are almost always performed with lim-
ited precision. This makes our test inadequate for very large
numbers. Explain these statements, with examples showing
how the test fails for small and large numbers. An alterna-
tive strategy for implementing good-enough? is to watch
how guess changes from one iteration to the next and to
stop when the change is a very small fraction of the guess.
Design a square-root procedure that uses this kind of end
test. Does this work better for small and large numbers?

Exercise 1.8: Newton’s method for cube roots is based on
the fact that if y is an approximation to the cube root of x,
then a better approximation is given by the value

x/y? + 2y
3 )

Use this formula to implement a cube-root procedure anal-
ogous to the square-root procedure. (In Section 1.3.4 we will
see how to implement Newton’s method in general as an
abstraction of these square-root and cube-root procedures.)

1.1.8 Procedures as Black-Box Abstractions

sqrt is our first example of a process defined by a set of mutually defined
procedures. Notice that the definition of sqrt-iter is recursive; that is,
the procedure is defined in terms of itself. The idea of being able to
define a procedure in terms of itself may be disturbing; it may seem
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sqrt-iter
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good-enough improve
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square abs average

Figure 1.2: Procedural decomposition of the sqrt program.

unclear how such a “circular” definition could make sense at all, much
less specify a well-defined process to be carried out by a computer. This
will be addressed more carefully in Section 1.2. But first let’s consider
some other important points illustrated by the sqrt example.

Observe that the problem of computing square roots breaks up nat-
urally into a number of subproblems: how to tell whether a guess is
good enough, how to improve a guess, and so on. Each of these tasks is
accomplished by a separate procedure. The entire sqrt program can be
viewed as a cluster of procedures (shown in Figure 1.2) that mirrors the
decomposition of the problem into subproblems.

The importance of this decomposition strategy is not simply that
one is dividing the program into parts. After all, we could take any large
program and divide it into parts—the first ten lines, the next ten lines,
the next ten lines, and so on. Rather, it is crucial that each procedure ac-
complishes an identifiable task that can be used as a module in 